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Outline

[NY[e}

Or(vi 1)+ (-A)2v =0. J

e ac(0,2)
e g € (1,2): fractional porous medium equation,

@ g € (2,400): fractional fast diffusion equation.

Purpose:
@ Energy decay estimates,
@ Numerical scheme preserving energy decay estimates,

@ Large time behavior.
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@ Background on fractional nonlinear diffusion equation
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Nonlocal diffusion equation with general interaction kernel

u(t,x)J(|x — y|)dxdy

e/\-

u(t,x)dx TS~ u(t,y)dy R

u(t,y)J(ly — x[)dydx

u(t, x) : density, J(|x — y[) : interaction kernel.
0u(ex) = [ ule )l (x =yl — ule.x) [ (= y)ay
R Rd
= PV, [ (u(ty) = el ) I(x = yI)dy
for singular _/

el 7= fim [ (u(ey) = u(ex)(x - dy
R\ B, (x)

r—0
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A particular choice of kernel: the fractional diffusion
equation

Choice of kernel: Ja(|x — y[) = € (0,2), d:dimension

[x— y‘d+a’

Definition (Fractional Laplacian)

a u(x) — u(y)
—A = CyoP.V. — =
( )2U(X) d,a /]Rd |X—y|d+a y?
()(,zzx,flr (a+d)
do -— W

o Fl(—A)2u](€) = €[> Fu](€).

° J% has a non-integrable singularity, and is heavy-tailed.

Fractional diffusion equation: 0;u + (—A)%u =0.
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Nonlinear diffusion equation

o — A(lu/™tu) =0
—_———
V - (D(u)Vu)

|u|m—1

D(u) := - diffusion coefficient

m

m>1 H 0<m<1

Porous medium equation Fast diffusion equation
lim, 0 D(u) =0 lim,—0 D(u) = +o0

Finite speed of propagation... || Extinction phenomenon. ..

Shorthand: u™ = |u|™ tu — Oru— Au™ =0 |
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Fractional nonlinear diffusion equation on bounded domain

Oru+ (—A)2u™ =0 J

Change of variable: g:=1/m+1, v=u"

Fractional nonlinear diffusion equation on a bounded domain €2
OvI L4 (=A)2v =0 in Q x (0,400),
v=0 in(R?\ Q) x (0, 400), (CDP)
v(-,0) = v in Q.

@ g € (1,2): fractional porous medium equation,

@ g € (2,400): fractional fast diffusion equation.
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Energy decay estimates: porous medium case

Proposition ([Bonforte, Vazquez], [Akagi, S.])

Assume q € (1,2). Let v be an energy solution of (CDP).
There exist ¢, C > 0 such that, for any t > 0,

(V0115 + t) ™

‘H
Y

1
< Iv()laqrey < (I + CE)
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Energy decay estimates: fast diffusion case

Proposition ([Bonforte, Ibarrondo, Ispizua], [Akagi, S.])

Assume q € (2,2}]. Let v be an energy solution of (CDP).
There exist ¢, C > 0 such that, for any t > 0,

1 1
) a—2 =
(10l faghey = <t) T < IV(E) iy < (IIvollfacesy — €E) T

+

. . ) VN9,
In particular, u extincts at a time t, < T, := ﬂ

Moreover, for any t > 0,

1

_1 _1
et = )7 < V() 1oy < C(t — )T

)

and the same is true when || - || .q(ge) is replaced by || - ”H%(Rd)‘
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|dea of proof

Lemma (Fractional Sobolev inequality)

Let 2%, := ﬁ, and q € (1,2}]. There exists K > 0 such that,

ull Larey < Klul g (RY) — K\/<(—A)2u, u) L2(R9)’

for any u € H2 (RY) with u=0 in R\ Q.

@ Obtain energy identity from the variational form of the equation,

@ Use the fractional Sobolev inequality, or monotonicity of Rayleigh
quotient, to obtain an ordinary differential inequality,

© Integrate the ordinary differential inequality.
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Energy inequalities

Proposition ([Akagi, S.])

Let vo € H2 (R?) N LI(RY) such that uy = 0 in (RY\ Q) x (0, +00) and
lvo|97%v € LB'(Q) ifg> 2",

There exists a unique weak solution to (CDP). It satisfies

;t 1
)2 +/ VR 5 qoydr = IV or any s < ¢

l\)

g 1
/||t D)) IBAr + SO g gy < N3 ey forany s <t

v

Idea of proof of existence and inequalities: Pass to the limit in the
minimizing movement scheme
(Vn+1)q_1 - (Vn)q_l
At

+(=A)2v = 0.
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Decay of Rayleigh quotient

Proposition
Assume q € (1,00). Let v be an energy solution to (CDP). Define the
Rayleigh quotient by

V()] «
HERY) 1>,

R(t) = — o2 >
Hv(t)H%q(]Rd)

Then t € [0,00) — R(t) is non-increasing as far as u(t) # 0.

Idea of proof:

@ Show %(tt) < 0 a.e. using energy inequalities,

@ Use absolute continuity of t — ||v(t)||q, decay of t — [V(t)]H%(Rd)
and right-continuity of t — R(t).
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Outline of proof

f(t):= [v(t)]i,7 R9) e BV(0, T) g(t) = Hv(t)Hf, € AC(0, T).

@ Show ( ) < 0 a.e. using energy inequalities,

@ Lebesgue decomposition’s theorem:

dg 1_ dR
o= g(f
dt 3 H&Phs,

Df)s <0

df
DR = gaﬁl +g(Df)s + ==

© Decay of t [v(t)]H%(Rd): (

© R right-continuous: R(t) — R(s) = DR((s,t]) <0
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© Numerical analysis of fractional nonlinear diffusion equation
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Notation

We restrict to dimension d = 1.
o Q= (—L,L), space step h = L/(Ny +1):

—L 0 h i
| -| | | | | |<—>| | |_ |
] 1 T 1 | | | | [

X_Ne—2 X—Ny--+ X2 X—1 Xo X1 X2 -+ XN,  XN42

@ time step At > 0.

For u a fonction over [0, +0) x R,

ul := u(nAt, ih),

HUHHZ?(R) = Z ’U,"qh.

i€Z
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Discretization of the fractional Laplacian

g uj — u(y) uj — u(y)
(—A)% u(x;) = Caa| PV. / MiZ oY) g Uiz o) g,
' “ xi—yl<h |Xi = y|9Te xi—y|>h |Xi = y|9Te
singular part tail part

@ singular part: u(y) replaced by Taylor expansion,
e tail part: u(y) replaced by piecewise quadratic interpolation.

Then integrating explicitly yields, for some weights (fyj’)jez,

JEZ

(— A)2 u(x;) Z’YJ — uj—j). J

Convergence result: For u € C*, the error is in O(h3~%).

> Y. Huang and A. Oberman. “Numerical Methods for the Fractional
Laplacian: A Finite Difference-Quadrature Approach”, 2014.
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Convolution structure of the discrete fractional Laplacian

(o] = 2o )

JEZ

)
(=A% u(x;) = P.V. /R ) ;ﬁfa (u(x;) — u(x; — 2))dz.

Theorem ([Ayi, Herda, Hivert, Tristani, 2022])

There exists positive constants b, and B, independent of h such that

o h o
|jh|1+ah ES |jh|1+ozh'
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Convolution structure of the discrete fractional Laplacian

For u a Schwartz function,

>_h [(_A)’%UL i % > e = ui g~ [“]HT(R

i€z i€ jer

::[”]2 a
th (R)

Lemma ([Ciaurri, Roncal, Stinga, Torrea, Varona] Discrete fractional
Sobolev inequality)

For q < 27, there exists K > 0 independent of h,

[ulljory < K[U]Hh%(R)’

for u € ZN with u = 0 outside Q.
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Numerical scheme for fractional nonlinear diffusion

equation

Implicit scheme for CDP

n+lyg—1 _ (,n)q-1 N
(4™) - (W)™ [(—A); u”+1]:0, |i| < Ny and n >0,
ui =0, lil > Ny +1and n>0,
ud = (u°); i < Ny

Properties as the continuous equation:

@ decay estimates,
@ almost extinction phenomenon in FDE case.
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Figure: a = 0.5, h = 0.04, At = 0.001,L = 1

- t=005 , \ 4o t=02 \
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Discrete decay estimates: porous medium case

Proposition ([Hivert, S.])
Assume q € (1,2). There exists (ﬂ,,At)nZO, independent of h, such that

[u" H/"(R (HUOH,q(R + CnAt) B for any n > 0.

Moreover,

sup B2t — 0, as At — 0.
n>0
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Numerical results: energy decay for PME

Figure: Energy decay for g = 1.5, = 0.5, h = 0.04, At = 0.03, L = 5.

1.5 :

l[u"llq
\ =7 (O3 + et

\ - (g2 + Ce) O 4 pae

)=

0 2 4 6 8 10 12 14

th
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Discrete decay estimates: fast diffusion case

Proposition ([Hivert, S.])
Assume q € (2,2}].

o Decay estimate: There exists (ﬁ,,At),,ZO, independent of h, such that

"y < (||u°||,qR)anAt) + B2, forany n>0.

Moreover,

sup B2t — 0, as At — 0.
n>0

@ Extinction estimate:

n 0 Ts e
1 lgey < Nellgeey (=5 ) foramy no0.
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Numerical results: energy decay for FDE

Figure: Energy decay for g = 2.4, = 0.5, h = 0.04, At = 0.03, L = 5.

1.2 I
lu”llq
- - 1/(9-2)
RN (16§72 = cta) [ 8
\ o _ 1/(q—2)
\ (lu0ll32 = Cta) 2 4 pae
0.8 |~ —
0.6 |~ |
0.4 |- —
0.2 |~ —
| |
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|dea of proof

© Obtain energy inequality,

n+1(|9 _ n||4q
l”u H/;?(R) [|u HI,?(]R)

q/ " + Hun-HHZ

a <0
Hy? (R)

@ Use discrete fractional Sobolev inequality to obtain a discretization of
the ordinary differential inequality,

n+1 _ n|l9
ELC i O
q At F(R) =

© Sum in time and use convexity inequalities.
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Convergence results

Theorem ([Hivert, S.] Convergence in time)

Let upt(t) = ultt when t € (nAt, (n+ 1)At]. Then u™t — u; uniformly
on [0, T] for any T > 0, where (u;)icz is the solution of the semi-discrete
scheme

S i)+ [-ar ue)],

) 0,
ui(t) =0 for |i| > Ny +1, and t > 0,
ui(0) = (ug); for |i| < Ni.

for |i| < Ny, and t > 0,

Theorem ([Hivert, S.] Lax-Wendroff type theorem)

Let upt p(x,t) = u(tn, x;) for (t,x) € [tn, tay1) X [x;i — h/2,x;i + h/2).
Assume ||uat,plloo < +00, and upe p — u almost everywhere when
(At,h) — 0. Then u is a weak solution of (CDP).
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Figure: Convergence of the scheme for the norm || - [

t
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© Computation of extinction time and large time asymptotics
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Rescaled problem

Decay Estimates:

2<q<2,:
1<g<2:
Rescaled solution:
2<qg<2:

1<g<2:

1 1

et =77 < [V(0)ly5 oy < Clt— 7.
1

_1
1+ )77 < [M()],5 ) < CL+ )72

w(s) = (£ — )2 (t), szzlog( L )

ty — t

w(s) = (1+t)a2v(t), s:=log(t+1).

Then 9wt 4 (—A)

o g—1
2 W=
lg -2

Does w(s) converge as s — 0o 7

w9l and ¢ < lw(s)| e

H% ]Rd)

29 /43



Rescaled problem

qg—1

dswI™t 4 (=A)2w

— W
lg — 2|

L and ¢ < [ w(s)ll8 gy < € J

Non-fractional FDE case:

Convergence along subsequences: > Berryman and Holland 1980

Convergence along the full sequence: > Feireisl and Simondon 2000

°
°
@ Convergence in relative error:
°

Sharp rate of convergence: >~

>

>

> Bonforte, Grillo, and Vazquez 2012
Bonforte and Figalli 2021

Jin and Xiong 2023

Akagi 2023

Choi, McCann, and Seis 2023
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Generalized gradient flow structure for nonlinear diffusion
Define

J(w) = w8y g oo 2|H qu(Rd)J

Then the rescaled solution s > 0 — w(s) solves

OswI(s) = =S (w(s)), fora.e s> 0. J

Therefore it holds
d

4 2
(g-2)/2 = <
poar Os(|w| w)(s) @) + dSJ(W(S)) <0, forae. s>0,

and J(w(+)) is non-increasing.
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Convergence along subsequences

a -1
dswI L+ (—A)2w = 9 w9 and ¢ < ||w(s)|| < C.

a2 HE (k)

Proposition ([Akagi, S.])
For any s, — +00, there exists a subsequence (still denoted by (s,)), and
¢ € H2(R9)\ {0}, with ¢ = 0 in RY \ Q, such that
w(sp) — ¢ strongly in Hz (RY),
(-8)F¢=2g0"" inQ,

with g := 3= > 0.

Full convergence:
@ PME case: uniqueness of positive solution to the stationary problem.
@ FDE case: tojasiewicz-Simon inequality.
] 32/43



PME case: uniqueness to the stationary equation

(=A)2u = f(x,u) in €,
u>0, u0 in Q, (E)
u=20 in R\ Q.
(F1) For a.e. x € Q, u+ f(x,u) is continuous on [0, 00) and
u s f(x,u)/u is strictly decreasing on (0, c0).
(F2) Yu € [0,00), x — f(x,u) is in L>(Q).
(F3) 3C € Rs.t. Vu € [0,00),for a.e. x € Q, f(x,u) < C(Ju| + 1).

Proposition ([Brezis, Oswald], [Akagi,S.])

Let Q is a bounded C1'* domain of R and assume (F1)—(F3). Then the
problem (E) admits at most one weak solution u € H*/?(R9) N L>(Q).

] 33/43



Outline of proof

Assume u, v are two solutions of (E).

@ Dividing the equation for u (resp. v) by u (resp. v) and substracting:

(—A)2u(x)  (=8)2v(x) _ f(xu(x))  fx,v(x))
u(x) v(

x
c
—_
x
~
<
—
X
~

@ Strict sublinearity of f:
f(Xa U(X)) f(Xv V(X))> 2 2
— u“(x) — vi(x))dx <0,
(P8 e A (20 < i <
with equality iif u = v a.e.
@ “Monotony” of (—A)2:
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FDE case: tojasiewicz-Simon inequality for fractional
Laplacian

1 w(x)
I(w) := E[W]il%(]Rd) + /Q/O g(s)dsdx.

(HO) g € CY(R) and g(0) =0,
(H1) g € C*((0,00)), and for all 5 € (0, 00), there exist C, M > 0 such that,

M7 n!
n

g(s)l < €
|s]

, Vse(0,8), neN

(H2) there exists 0 < p < oo with p < 2% — 1 such that
lg'(s)] < C(|s|P" +1) forall s €R.

Lemma ([Akagi, Schimperna, Segatti])

Assume (HO), (H1), (H2), and let ¢» € H% (RY) N L>=() such that I'(y)) = 0 and
¥ > 0. Then, there exists 6 € (0,1/2] and w,d > 0 s.t.

1(w) = I <l W)ll-5 gy W =l 5 gy < 6
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FDE case: tojasiewicz inequality

Theorem ([Lojasiewicz])

Let U C RY open and f : U — R a real-analytic function. Let xq € U such

that Vf(xp) = 0. Then there exists a neighborhood V' of xy, w > 0 and
0 € (0,1/2] such that

1f(x) = f(x0)|' ™% < w|VF(x)], xeV.
Proof for d = 1: IN > 2 s.t. f(N)(x) # 0 and

f(xo + h) — f(x0) = Mh’V + o(h"),

N!
F(N) X0 B
f'(xo+h) = (N—(l))th Y o(h )
N1 NIL/N

= (f(xo + h) — f(x0)) ¥ = Wf (xo + h) + o(h"1)
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FDE case: Idea of proof of full convergence
Assume v(s,) — ¢ € H? (R9), with ¢ > 0 and (—A)3 ¢ = =291 in Q.
Energy inequality and tojasiewicz-Simon inequality:
2 ow 2 (s)3 + iJ(W(S)) <0, (1)
qq' """ > ds -

[(w) = J@) 0 < @l (W)-2 (g

Y ()

@ Using (1),(2), chain rule and Poincaré-Sobolev inequality, 3¢o > 0 s.t.
d

() ~ 0ll,15 gy < 5= ol (W )65 gy < — o (Hwls)) — S0
Q If 3sp s.t. Vs > 50 [|w(s) — ¢”H%(Rd) < 6, then
o /OO |0s(w™1)(s My H-% ()35 < (J(w(s)) — J(¢))? = 0as s — oc.

© If not, we obtain a contradiction extracting a subsequence S, € (s,, Sp+1)
such that ||w($;) — ¢||H%(Rd) =4/2
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Full convergence to the asymptotic profile

Proposition ([Akagi, S.])

Let g € (1,2})\ {2}. Assume that ¢ > 0 and w(s,) — ¢ strongly in
H? (RY) for some sequence of times (sp)nen Such that s, — +oco. Then

w(s) — ¢ strongly in H2 (RY) as s — +oo.

Idea of proof. 1 < g < 2 : uniqueness to the stationary equation.
2 < g < 2, : tojasiewicz-Simon inequality with the functionnal

J(w) = A

7[ ]H2(Rd - qHWHLq(Rd)

Open problems:
o Computation of the extinction time,

@ Rate of convergence to the asymptotic profile in FDE case.
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Non-fractional FDE: optimal rate of convergence

Assume g € (2,2%).

Linearized equation:

(g —1)¢p920sh = —Ly2h in Q x (0, +00),
h=0 in 02 x (0, +00),
with Ly oh = (=A)*2h — (g — 1)\g¢92h, and h(s) =~ w(s) — ¢.
Theorem ([Bonforte, Figalli],[Akagi])

Assume o = 2 and 0 is not an eigenvalue of Ly >, and let vy be the first

positive eigenvalue of L5/((q — 1)¢972). Then, there exists a constant
C > 0 such that

1/2
(/ [Vw(x,s) — V¢\2dx> < Ce ", fors>0.
Q
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Numerical approximation of extinction time when g > 2

v : solution to continuous problem with initla data v°
t.(v0): extinction time of v
t: approximation of t.(v?)

Rescaling with £: w(s) := (t — t)f12

Q

v(t), s :=log(t/(t — t)).

-1 4 (LAY w = 971 a1 — Fa3,0
@ Jswi™ "+ ( A)zw—q_2w , w(0) =ti2v
o i< t,(vV9) = |lw(s)|qg — o0 as s — oo,

o > t,(v0) = w extincts in finite time.

Computation of t,(v°): dichotomy using the scheme

(w7t — (wy) ! [ S n+1} _g9-1 iig-1
As + |(A)yw i—ﬁ(w )

] 40/43



Figure: Convergence of extinction time computed by dichotomy
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Figure: Solution of rescaled scheme with t, computed by dichotomy
a=159g=24<2;, h=0.01, As=0.01
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(b) Error with asymptotic profile ¢
vy : first positive eigenvalue of the
linearized problem
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Conclusion

Summary: Decay estimates,
Numerical scheme with same decay estimates,

Convergence to asymptotic profile,

Numerical method for computing extinction time in FDE
case.

Extensions: @ Rates of convergence to asymptotic profiles in the
fractional case,

@ Numerical analysis in dimension d > 1 and better
convergence results.
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Conclusion

Summary: Decay estimates,
Numerical scheme with same decay estimates,

Convergence to asymptotic profile,

Numerical method for computing extinction time in FDE
case.

Extensions: @ Rates of convergence to asymptotic profiles in the
fractional case,

@ Numerical analysis in dimension d > 1 and better
convergence results.

Thank you for your attention!
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